Cellular Automata (CA) is an emerging paradigm for the combined analysis and design of complex systems using local update rules. An implementation of the paradigm has recently been demonstrated successfully for the design of truss and beam structures. In the present paper, CA is applied to two-dimensional nonlinear truss topology optimization problems. The optimization problem is stated as a minimization of complementary work (minimum compliance design). First order Kuhn-Tucker conditions are derived for the general case of geometric and material nonlinear behavior. The derived optimality criterion is equivalent to fully stressed design and is used as a design update rule. The analysis update rules are derived using an Updated Lagrangian Formulation. The CA combined analysis and design algorithm is applied to demonstrative problems.
Introduction
Recently, there has been an increased interest in massively parallel computing and its potential use for solving complex structural problems. Design optimization is one area of application where efficient massively parallel algorithms are particularly needed. Most available algorithms are serial in nature and require a large number of costly analyses, mostly based on the finite element method. Cellular Automata (CA) is an inherently massively parallel paradigm. In the CA approach, the physical domain is decomposed into a lattice of cells. Each cell is governed by rules that depend on the neighboring cells only. All computations are done locally, and the connectivity of cells can be directly mapped into inter-processor connectivity. When the correct update rules are used, CA converges to the correct global state (solution) of the problem.
In the literature, the application of CA to structural design has been successfully applied to truss [1, 2] , beam [3] , and plate problems [4] [5] [6] . However, most applications considered a linear elastic behavior.
It is only in [1] that CA is applied to the nonlinear analysis and design of trusses. In this work, emphasis was placed on a brief demonstration of the nonlinear analysis capabilities of CA. A three-bar truss example was used to demonstrate the combined analysis and design CA methodology for geometric nonlinearities and linear material behavior.
In the present paper, Cellular Automata is applied to the topology design of trusses exhibiting geometric and material nonlinearities. As in every implementation of CA, specific local update rules have to be derived. The first set of rules satisfies the governing equations (e.g. equilibrium) while the second set modifies the design locally to meet an optimality criterion.
The first part of this paper is dedicated to a general description of Cellular Automata applied to trusses. It is followed by the derivations of the equilibrium and design updates. The equilibrium update is used to find the cell displacements in a nonlinear static case. The design update is obtained through the derivation of an optimality criterion for the minimization of complementary work (minimum compliance design) for a geometric and material nonlinear behavior. The optimality criterion is written in terms of local variables and used to devise a simple design update rule based on complementary strain energy and member forces. This optimality criterion is shown to be equivalent to fully stressed design, which is well documented in the literature for the linear elastic case [7] . The derivation and some applications of this optimality criterion for nonlinear trusses can also be American Institute of Aeronautics and Astronautics [8] . This local update rule is used in a CA computational environment to investigate the effect of including nonlinear behavior on truss optimal design.
The use of CA for nonlinear structural analysis and minimum compliance design is validated through several test problems. Trusses exhibiting both geometric and material nonlinearities are considered.
Cellular Automata for truss design
We consider a two-dimensional truss structure consisting of N nodes and M members. We introduce a Cartesian coordinate system Oxy. The displacement components in x and y directions are denoted by u and v respectively. Each member is assumed to have an undeformed length l and an area A. The truss is assumed to have zero stress at its undeformed position.
The equivalent CA "domain" is a lattice of N cells as depicted in figure 1 . Each cell is connected to its immediate eight neighbors forming a Moore neighborhood as in figure 2. In order to apply cellular automata to structural design, the state of a cell must be modified so that the governing equations are satisfied and that an optimal design is reached. This is done through the use of local update rules. One of the main characteristics of cellular automata is that when local rules are applied to a cell, the states of the surrounding cells are fixed.
The cells can either be updated simultaneously, which corresponds to Jacobi iterations, in which case 1 ( , , , , , , , , )
or sequentially which corresponds to Gauss-Seidel iterations. We have 1 1 ( , , )
where I is the set of neighboring cells that have already been modified in the current iteration and J is the set of cells that have not yet been modified.
In the following, the local update rules for nonlinear equilibrium and for minimum compliance design are derived.
Displacement and design update formulation

Equilibrium update
In structural problems the equilibrium conditions are obtained by minimizing the total potential energy Π with respect to the displacement variables u i and v i Thus, the equilibrium equations are expressed as
The total potential energy is expressed in terms of the work of the applied loads 
Hence, from equations 1 and 2, T K is also the Hessian of the of the total potential energy Π:
For a static problem, the equilibrium has to be satisfied for any arbitrary part of the structural domain. Hence, a natural choice for a cell displacement update is based on the equilibrium of the cell.
The local nonlinear equilibrium of a cell can be obtained through an iterative procedure that relies on the linearization of the equilibrium problem with the following update of the cell displacements: f is the vector of internal forces calculated from the current cell displacements, the fixed neighboring cell displacements, and the cell cross sectional areas. The strain measure used to evaluate the stresses (and hence the forces) is a typical rotated engineering strain (variation of length over original length).
Due to the size of the local problem, the convergence to the cell displacement solution (with all the neighboring cell states being fixed) requires only a few iterations. In fact, it was observed that the linearization of the local equilibrium problem is a good update rule. For that reason, the local displacement update rule chosen consists of one application of equation 5.
Equation 5 provides only the variation of the cell displacements between the current and the previous CA iteration. The cell displacements are then updated as follows:
That is, all the updates are performed on a deformed configuration. The nonlinear analysis used is thus an Updated Lagrangian Formulation.
Design update
We propose to solve the minimum compliance design problem for nonlinear trusses. This optimization problem can be posed as the minimization of the complementary energy W c :
subject to arbitrary constraints functions of the areas only g (A e ) ≤ 0 (7) and a volume constraint Note that the equality between the complementary energy and the negative of the potential energy is true only for a displacement field solution of the governing equations.
Writing the potential energy as the sum of the member strain energy U e , the Lagrangian is
where γ is the Lagrange multiplier associated with the volume constraint and c is the corresponding slack variable. λ e is a vector of Lagrange multipliers associated at each member with the local constraints (7), and s e are the corresponding slack variables.
The necessary conditions for optimality simplify into the global volume constraint and a set of conditions to be satisfied at each member separately 
It is noteworthy that the Lagrange multiplier γ associated with the global volume constraint is the only global quantity needed to update member areas. The specific update formula depends on the functional form of the complementary strain energy density, which is determined by the material. As an example of derivation, in the following we derive specific update formulae for linear elastic response. It is assumed that the update can be extended to bilinear material laws that will be used in the result section.
For linearly elastic materials, the complementary strain energy density has the form
where E is Young's modulus of the material.
To obtain explicit solutions of the local optimization problem (18), we assume that the local constraints are given by side constraints of the form In the general case we have
Rewriting the force in (24) with respect to the member stress, the update formula is: 
E
In the CA literature for structural design, it was observed that the sequence and the frequency of application of the analysis and design updates is a critical issue [2] . A typical implementation consists of applying a design update after a given number of analysis updates [1, 3, 4, 6] . However, this approach leads to convergence problems and an alternative was proposed in [2] where the analysis and design updates are repeated at the cell level. It was shown that this implementation provided stability and good convergence characteristics for both Gauss-Seidel and Jacobi types of iterations. This scheme was selected for this work and is referred to as the "repeat approach".
In a Gauss-Seidel environment, the use of local repeats requires the enforcement of consistency between the cell properties. That is, a truss member is shared by two cells and must have the same area seen from one or the other cell. The algorithm based on the repeats is condensed in the following flow chart: , where u c and u old are the current and previous cell displacement vectors respectively. ε is the userdefined convergence criterion.
Result section
In order to validate the use of CA for the design of nonlinear trusses, several experiments have been performed. A first set of experiments demonstrates the analysis capability of CA for trusses exhibiting geometric and material nonlinearities. In a second set of experiments, the optimal design of trusses for minimum compliance is investigated. For each set of experiments, linear or bilinear material behaviors are considered. A convergence criterion of ε = 1e-16 is used for every experiment. The analysis part is validated through a comparison to MSC Nastran.
Analysis results
An 11 x 6 lattice ( fig. 4) The analysis based on cellular automata converged in 7314 iterations. The vertical deflection of the force application point is 153.7 in. Although this very large deflection might not be realistic, it does validate the approach used. Indeed, the displacement field obtained is identical to the one obtained with MSC Nastran (solution 106).
Analysis with combined geometric and material nonlinearities We consider the same problem with combined geometric and material nonlinearities. A bilinear stress-strain relation is chosen with a hardening slope equal to one third of the Young's modulus. The Yield stress is σ y = 50000 psi. A general representation of a stress-strain relation is given on figure 5. The CA analysis converged in 10339 iterations. At the solution, the vertical tip displacement is 143.1 in. Again, the results match MSC Nastran's solution.
Optimization results
In this section, three minimum compliance problems are considered: -A 3 x 2 lattice (ten bar truss) exhibiting both geometric and material nonlinearities -An 11 x 6 lattice with geometric nonlinearities only -An 11 x 6 lattice with both geometric and material nonlinearities
The optimization problems presented are not based on a volume constraint but on a prescribed limit on the bar stresses. That is, a limit on the strain energy density is imposed. The optimization based on a volume or a strain energy density constraint can be shown to be equivalent as far as the optimal layout is concerned. The problem can also be formulated directly as the minimization of weight subject to stress constraints.
Ten bar truss
The classical ten bar truss is depicted on figure 6 . The length and height dimensions are respectively 720 in. and 360 in. A bilinear material law is chosen with an elastic modulus E of 1e7 psi and a hardening slope of E / 3. The load P has a magnitude of 2e6 lb. The allowable stress is 75 ksi and the cross sectional areas have a lower bound of 0.1 in 2 .
Fig. 6. Ten bar truss
Based on two local repeats and Gauss-Seidel iterations, the CA process took 48 iterations to converge. The final volume is 1043.8 in 3 and agrees with the optimal volume found based a classical optimization (1043.5 in 3 ). The classical optimization was performed based on a sequential quadratic programming algorithm linked to an in house nonlinear analysis code. The classical and the CA approaches converged to the same solution.
x 6 lattice
Design with geometric nonlinearities only
The 11 x 6 lattice used previously is considered for minimum compliance design. The allowable stress is 75 ksi and the applied load is 7e5 lb. A lower bound on the cross-sectional areas of 0.1 in 2 is used.
Based on two local repeats and Gauss-Seidel iterations, the optimal distribution of areas obtained is depicted in figure 7 . The same problem is considered with a nonlinear material behavior. A bilinear law with a hardening slope of E / 3 and a yield stress of 50 ksi was chosen. The load is 2e5 lb and the allowable limit is 75 ksi. The final volume is 14148 lb. The topology of the final design is similar to the design obtained with material nonlinearities only. The number of iterations needed was 911.
Remark
Importance of the degree of nonlinearity for optimal design
Although the behavior of cellular automata for nonlinear analysis seems to be very robust even for highly nonlinear cases, the same does not seem to the case for optimal design. It was observed during the CA design experiments that convergence problems could occur for large loads. This is probably due to the constant modification of the equilibrium path generated by the modification of the design iteration after iteration. That is, numerous limit and bifurcation American Institute of Aeronautics and Astronautics points might be encountered, thus creating numerical difficulties. More research is needed for the implementation of CA for strong nonlinearities.
Conclusion
The cellular automata paradigm has been applied to the design of nonlinear trusses. A displacement update rule based on an Updated Lagrangian Formulation and a design update rule for minimum compliance have been derived. A specific implementation of these updates referred to as the repeat approach has been used. Test examples for analysis and design have demonstrated the validity of the approach for analysis and design.
Further research is required for strong nonlinearities and for the design of trusses under multiple load cases. Also, the implementation of cellular automata based on Jacobi iterations is needed for massive parallelization of the process.
